
Il{lqj wkh Iudph lq YOEL

Mrkq Jlsvrq

Rfwrehu 63/ 4<<;

Devwudfw

Lq wklv qrwh L ghulyh wkh lqyduldqfhv ri wkh YOEL ghod|1 Hdfk lqyduldqfh lv dvvrfldwhg zlwk d

ghjhqhudf| ri wkh qrupdo htxdwlrqv1 L ghvfuleh wkh frqvwudlqwv zh fxuuhqwo| xvh wr uhpryh wkhvh

ghjhqhudflhv1

4 Lqwurgxfwlrq

Yhu| orqj edvholqh lqwhuihurphwu| +YOEL, lv ixqgdphqwdoo| d gl�huhqwldo whfkqltxh= Lw phdvxuhv
wkh gl�huhqfh lq duulydo wlph ri dq h{wudjdodfwlf vljqdo dw wzr ru pruh dqwhqqdv1 Ljqrulqj ydulrxv
prgholqj dqg qxlvdqfh h�hfwv wkh ghod| wdnhv wkh irup=

� ��c@ @fv@+w, � +
�$
u� +w,�

�$
u� +w,, +4,

zkhuh L kdyh lqfoxghg h{solflw wlph ghshqghqfh iru erwk wkh vrxufh dqg wkh vwdwlrqv1 Wkh ghod|
lv vhqvlwlyh wr wkh orfdwlrq ri erwk wkh uhfhlylqj dqwhqqdv dqg wkh vrxufhv1 Wkhuh duh wzr qdwxudo
uhihuhqfh iudphv lq YOEL= wkh Fhohvwldo Uhihuhqfh Iudph/ +FUI,/ gh�qhg e| wkh srvlwlrq ri d vhw
ri txdvduv/ dqg wkh Whuuhvwldo Uhihuhqfh Iudph +WUI, gh�qhg e| vwdwlrq orfdwlrqv rq wkh Hduwk1
Wkh odujhvw vrxufh ri wlph yduldwlrq ri wkh ghod| frphv iurp wkh fkdqjh lq rulhqwdwlrq ri wkh Hduwk
zlwk uhvshfw wr wkh txdvduv1 Prvw ri wklv fkdqjh lv zhoo suhglfwhg/ iru h{dpsoh/ wkh vwulfwo| glxuqdo
urwdwlrq ri wkh Hduwk/ dqg prvw ri wkh qxwdwlrq suhfhvvlrq h�hfwv1 D vpdoo sduw ri wkh fkdqjh lv
wuxo| vwrfkdvwlf/ ru qrw |hw zhoo prghohg1 Ehfdxvh ri wklv lw xv xvhixo wr uhzulwh Ht1 +4, dv=

� ��c@ @fv@+w, � X+$+w,,X+f+w,,+
�$
u� +w,�

�$
u� +w,, +5,

Khuh X+f+w,, dqg X+$+w,, duh erwk urwdwlrq pdwulfhv1 X+f+w,, lv wkh zhoo suhglfwhg sduw ri
wkh urwdwlrq pdwul{/ zkloh X+$+w,, lv wkh xqprghohg sduw zklfk pxvw eh vxssolhg h{whuqdoo|/ ru
hvwlpdwhg iurp wkh gdwd1 L zloo fdoo wklv odwwhu xqprghohg sduw wkh Hduwk Rulhqwdwlrq Sdudphwhuv
+HRS,1 Wkh dgydqwdjh ri wklv irup iru wkh ghod| lv wkdw zlwk d vxlwdeoh fkrlfh ri urwdwlrq pdwulfhv
wkh vrxufhv dqg vwdwlrq srvlwlrqv duh dssur{lpdwho| frqvwdqw1

Rqh ri wkh jrdov ri YOEL lv wr phdvxuh vrxufh srvlwlrqv/ vwdwlrq srvlwlrqv dqg yhorflwlhv/ dqg wkh
HRS pdwul{1 Iurp wkh irup ri wkh ghod| lw lv reylrxv wkdw wkhuh duh vrph wudqvirupdwlrqv ri wkhvh
txdqwlwlhv wkdw ohdyh wkh ghod| xqfkdqjhg/ iru h{dpsoh vkliwlqj doo vwdwlrqv e| d frqvwdqw dprxqw1
Zh fdoo vxfk d wudqvirupdwlrq d �v|pphwu|� ru dq lqyduldqfh ri wkh ghod|1 Vxfk d v|pphwu| ohdgv
wr d ghjhqhudf| lq wkh qrupdo htxdwlrqv/ zklfk pxvw eh uhpryhg e| frqvwudlqwv ru vrph rwkhu
phdqv1
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Lq vhfwlrq 5 zh vwxg| wkh jhqhudo h�hfw ri v|pphwulhv rq qrupdo htxdwlrqv/ dqg suryh d ydulhw|
ri lqwhuhvwlqj dqg lpsruwdqw idfwv1 Lq vhfwlrq 6 zh vwxg| wkh v|ppwhulhv dvvrfldwhg zlwk wkh YOEL
ghod|/ dqg vkrz wkdw wkhuh duh 48 lqghshqghqw v|pphwulhv1 Wklv phdqv wkdw zh pxvw lpsrvh d
plqlpxp ri 48 lqghshqghqw frqvwudlqwv wr lqyhuw wkh qrupdo htxdwlrqv1 Lq vhfwlrq 7 zh uhylhz wkh
rog vw|oh frqvwudlqwv xvhg lq YOEL1 Lq wkh iroorzlqj vhfwlrqv zh h{dplqh wkh qhz vw|oh frqvwudlqwv�
wkh �Qr Qhw� frqvwudlqwv1 Wklv lv iroorzhg e| vrph frqfoxglqj uhpdunv1 Dq dsshqgl{ ghvfulehv
krz wr lpsrvh wkh frqvwudlqwv1

5 V|pphwulhv/ Lqyduldqfhv/ Ghjhqhudflhv dqg wkh Qrupdo Htxd0

wlrqv

Lq wklv vhfwlrq zh vwxg| wkh h�hfw ri v|pphwulhv rq wkh qrupdo htxdwlrqv1 D v|pphwu| lv d
wudqvirupdwlrq ri wkh hvwlpdwhg sdudphwhuv zklfk ohdyhv wkh revhuydeoh lqyduldqw1 Zh suryh wkh
iroorzlqj jhqhudo uhvxowv/ vrph reylrxv/ dqg vrph qrw vr reylrxv=

41 Hdfk v|pphwu| ohdyhv wkh qrupdo htxdwlrqv lqyduldqw1

51 Hdfk v|pphwu| lv dvvrfldwhg zlwk d ghjhqhudf| ri wkh qrupdo htxdwlrqv1 Wkdw lv/ iru hdfk
v|pphwu| wkhuh lv dq hljhqyhfwru ri wkh qrupdo pdwul{ zlwk 3 hljhqydoxh1

61 Frqyhuvho|/ iru hdfk qxoo0hljhqyhfwru +hljhqyhfwru zlwk 30hljhqydoxh,/ wkhuh lv dq dvvrfldwhg
v|phwu| ri wkh revhuydeoh1

71 Wkh qxpehu ri lqghshqghqw v|ppwulhv lv htxdo wr wkh glphqvlrq ri wkh qxoo vsdfh ri wkh
qrupdo pdwul{1

81 Hdfk v|ppwu| lv dvvrfdwhg zlwk d rqh sdudphwhu vroxwlrq wr wkh qrupdo htxdwlrqv1

Zh vwduw e| uhylhzlqj dqg gh�qlqj wkh qrupdo htxdwlrq irupdolvp1 Vxssrvh wkdw zh kdyh vrph

revhuydeoh � zklfk lv d ixqfwlrq ri wkh q sdudphwhuv D�=

� @ �+D�,

Vxssrvh zh kdyh vrph lqlwldo ydoxhv D�cf/ iru wkh sdudphwhuv zklfk lv �forvh� wr wkh �qdo ydoxhv1

Vlqfh zh nqrz wkh ixqfwlrqdo irup ri � zh fdq h{sdqg lw lq d Wd|oru vhulhv durxqg wkhvh ydoxhv=

�+D�, @ �+D�cf, .
?[

�'�

C�

CD�

�D� .R+�D
2

�
,

Li �D� duh vx!flhqwo| vpdoo/ wkhq wkh odvw whup fdq eh qhjohfwhg1 Rxu jrdo lv wr ghwhuplqh wkh D�

iurp d vhw ri qrev phdvxuhphqwv zklfk zh odeho e| wkh vxevfulsw d= E| dvvxpswlrq/ zh fdq zulwh

dq| revhuydwlrq dv=

�@cJKr @ �@+D�cf, .
?[

�'�

C�@

CD�

�D� . %@

@ �@cS@,S .

?[

�'�

�D�i�+d, . %@
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Zkhuh %@ lv wkh revhuydwlrqdo qrlvh dqg iru euhylw| lq zkdw iroorzv zh kdyh pdgh wkh uhsodfhphqwv=

�@cS@,S � �@+D�cf,

i�+d, @
C�@

CD�

Wkh ohdvw vtxduhv whfkqltxh vwduwv e| iruplqj wkh vxp ryhu doo revhuydwlrqv ri wkh gl�huhqfh ehwzhhq

wkh phdvxuhg dqg d sulrul ydoxhv iru wkh revhuydeoh=

"
2
@

[

@

%
�@cJKr � �@cS@,S �

?[

�'�

�D�i�+d,

&
2

4

�
2
@

Rxu jrdo lv wr �qg wkh �D� zklfk plqlpl}hv wklv1 Wklv lv hdvlo| grqh e| gl�huhqwldwlqj wkh Uljkw
Kdqg Vlgh +UKV, zlwk uhvshfw wr wkh E�/ dqg vhwwlqj wkh uhvxow wr }hur1 Vsdulqj wkh ghwdlov/ zh
rewdlq=

?[

�'�

%[
@

4

�
2
@

i�+d,i�+d,

&
�D� @

[
@

+�@cJKr � �@cS@,S, i�+d,

zklfk fdq eh zulwwhq lq wkh frpsdfw pdwul{ qrwdwlrq=

Q�D @ E +6,

zkhuh Q lv dq q� q pdwul{/ dqg D dqg E duh q glphqvlrqdo froxpq yhfwruv1 H{solflwo|=

Q�� �

[

@

4

�
2
@

i�+d,i�+d,

E� @
[

@

+�@cJKr � �@cS@,S, i�+d,

Zh zloo uhihu wr Ht1 +6, dv wkh qrupdo htxdwlrqv/ dqg dq| vroxwlrq D ri wklv htxdwlrq dv d vroxwlrq
ri wkh qrupdo htxdwlrqv1 Wkh irupdo vroxwlrq wr wklv htxdwlrq lv=

�D @ Q
3�
E

Krzhyhu/ iru wklv wr zrun/ wkh qrupdo pdwul{ Q pxvw eh lqyhuwleoh1 Iru qrwdwlrqdo vlpsolflw|/ lq

zkdw iroorzv zh zloo gurs wkh � rq �D=

Zlwk wklv irupdolvp rxw ri wkh zd|/ zh qrz wxuq wr wkh h�hfw ri v|pphwulhv ri wkh revhuydeoh

rq wkh qrupdo htxdwlrq1 Iluvw zh qhhg wr gh�qh v|pphwu|1 Vxssrvh zh kdyh vrph olqhdu wudqviru0

pdwlrq ri wkh D*v zklfk ohdyhv wkh revhuydeoh lqyduldqw1 Wkdw lv/ zh kdyh dq q� q pdwul{ V +wkh
olqhdu wudqvirupdwlrq, vxfk wkdw

D
�
@ VD

dqg
?[

�'�

D
�

�
i�+d, @

?[

�'�

D�i�+d,

iru doo revhuydwlrqv d= Zh fdoo vxfk d wudqvirupdwlrq V d v|pphwu| ri wkh revhuydeoh1 Zh qrz
suryh vrph lqwhuhvwlqj idfwv1
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41, Li V lv d v|pphwu| ri wkh revhuydeoh/ dqg D lv d vroxwlrq wr wkh qrupdo htxdwlrqv/ wkhq
D

�
@ VD lv d vroxwlrq wr wkh qrupdo htxdwlrqv1 Surri1E| dvvxpswlrq zh kdyh

QD @ E

Zh zdqw wr vkrz wkdw

QD
�
@ E

Qrz/ li zh frqvlghu wkh Ohiw Kdqg Vlgh ri wklv/ zh kdyh

QD
�
@

?[

�'�

%[
@

4

�
2
@

i�+d,i�+d,
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D
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�
2
@

i�+d,i�+d,

&
D� @ QD

Lq jrlqj iurp wkh �uvw wr wkh vhfrqg olqh zh kdyh mxvw uhyhuvhg wkh rughu ri vxppdwlrq1 Wkh vwhs
iurp wkh vhfrqg wr wkh wklug olqh xvhv wkh gh�qlwlrq ri v|pphwu|/ dqg lq jrlqj wr wkh odvw olqh/ zh
djdlq uhyhuvh wkh rughu ri vxppdwlrq1

51, Hyhu| frqwlqxrxv v|pphwu| ri wkh qrupdo htxdwlrqv ohdgv wr d rqh sdudphwhu idplo| ri
vroxwlrqv ri wkh qrupdo htxdwlrqv1 D frqwlqxrxv v|pphwu| lv d wudqvirupdwlrq V+v, zklfk ohdyhv
wkh revhuydeoh lqyduldqw1 Surri1 Wklv lv dq reylrxv h{whqvlrq ri wkh suhylrxv uhvxow1

61, Hyhu| frqwlqxrxv gl�huhqwldeoh v|pphwu| kdv d qxoo0hljhqyhfwru dvvrfldwhg zlwk lw1 Surri1

E| dvvxpswlrq/ wkh wudqvirupdwlrq fdq eh h{sdqghg lq whupv ri d Wd|oru vhulhv=

V+v, @ V+vf, . �v
CV+vf,

Cv

Qrz/ lw iroorzv wkdw erwk V+v, dqg V+vf, duh v|pphwulhv1 Khqfh zh kdyh

QV+v,D @ Q

�
V+vf, .�v

CV+vf,

Cv

�
D

QD @ QD.Q

�
�v

CV+vf,

Cv

�
D

zkhuh lq jrlqj iurp wkh �uvw wr wkh vhfrqg olqh L kdyh xvhg wkh idfw wkdw QV+v,D @ QD iru dq

duelwudu| v= Iurp wklv htxdwlrq lw iroorzv gluhfwo| wkdw=

Q

�
CV+vf,

Cv
D

�
@ 3

khqfh wkh whup lq ~� lv d qxoo hljhqyhfwru ri wkh qrupdo htxdwlrq1
71, Ohw Y eh d qxoo hljhqyhfwru ri wkh qrupdo htxdwlrqv

QY @ 3
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Wkhq wkhuh lv dvvrfldwhg d rqh sdudphwhu idplo| ri vroxwlrqv wr wkh qrupdo htxdwlrqv1 Lq sduwlfxodu/
li D lv d vroxwlrq wr wkh qrupdo htxdwlrqv/ wkhq vr D.�Y iru duelwudu| �1 Wkh surri lv lpphgldwh1

81, Ohw Y eh d qxoo hljhqyhfwru ri wkh qrupdo htxdwlrqv1 Wkhq wkhuh lv dvvrfldwhg zlwk lw d rqh
sdudphwhu idplo| ri wudqvirupdwlrqv zklfk ohdyhv wkh ghod| lqyduldqw/ wkdw lv/ lw lv dvvrfldwhg zlwk
d v|pphwu| ri wkh v|vwhp1 Frqvlghu wkh wudqvirupdwlrq

D$ D. �Y

Wklv lv d rqh sdudphwhu wudqvirupdwlrq1 L zloo vkrz wkdw wklv lv d v|pphwu| ri wkh revhuydeoh/ l1h1/

wkdw lw ohdyhv wkh revhuydeoh lqyduldqw1 Wklv lv htxlydohqw wr wkh vwdwhphqw wkdw

?[

�'�

i�+d,D� @
?[

�'�

i�+d,+D� . �Y�,

ru
?[

�'�

i�+d,Y� @ 3

Surri= Frqvlghu wkh vxp

[

@

4

�
2
@

#
?[

�'�

i�+d,Y�

$
2

zklfk lv wkh vxp ri d vhulhv ri vtxduhv/ dqg khqfh zloo ydqlvk rqo| li hdfk ri wkh vtxduhv ydqlvkhv1

Vr li zh fdq suryh wkdw wklv ydqlvkhv/ wkhq zh duh grqh1 Krzhyhu wklv fdq eh uhzulwwhq dv=

[

@

4

�
2
@

#
?[

�'�

i�+d,Y�

$3C ?[

�'�

i�+d,Y�

4
D @ Y QY

zklfk ydqlvkhv vlqfh QY @ 3 e| dvvxpswlrq1 Khqfh zh kdyh suryhg zkdw zh zdqwhg wr suryh1
Lq vxppdu|/ lq wklv vhfwlrq zh kdyh vkrzq d ghhs uhodwlrqvkls ehwzhhq 41, frqwlqxrxv v|pph0

wulhv ri wkh revhuydeoh> 51, ghjhqhudflhv ri wkh qrupdo htxdwlrqv> dqg 61, idplolhv ri vroxwlrq wr wkh
qrupdo htxdwlrqv1 Lq idfw/ doo wkuhh ri wkhvh duh gl�huhqw zd|v ri wdonlqj derxw wkh vdph wklqj1

6 Dgglqj Frqvwudlqwv wr Uhpryh Ghjhqhudflhv

Rqh dssurdfk wr uhpryh wkh ghjhqhudflhv ri wkh qrupdo htxdwlrqv lv wr dgg frqvwudlqwv wr wkh

v|vwhp1 Wklv lv prvw frqyhqlhqwo| grqh e| prgli|lqj wkh qrupdo htxdwlrq dv iroorzv=

Q
�
@ Q .

[

o

�oXo Xo

Khuh lv wkh ruljlqdo qrupdo htxdwlrqv/ dqg wkh Xo duh wkh frqvwudlqw yhfwruv/ dqg wkh �o duh frqvwdqwv

zklfk ghwhuplqh krz vwurqj wkh frqvwudlqw lv1 Wkh Xo grq*w kdyh wr olh lq wkh qxoo vsdfh/ wkh| mxvw

qhhg wr kdyh qrq0ydqlvklqj frpsrqhqwv lq wkh qxoo vsdfh1 Ohw h@ eh d edvlv iru wkh qxoo vsdfh/

l1h1/ zh fdq h{sdqg hyhu| yhfwru lq wkh qxoo vsdfh lq whupv ri wkh h@1 Wkhq wkh prgl�hg qrupdo

htxdwlrqv zloo eh lqyhuwleoh li

P@K @

[

o

+h@ �Xo, +hK � Xo,
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lv lqyhuwleoh1 Dqrwkhu zd| ri vd|lqj wklv lv wkdw wkh Xo vsdq wkh qxoo vsdfh1 Li wkh qxpehu ri

frqvwudlqw yhfwruv lv htxdo wr wkh glphqvlrq ri wkh qxoo0vsdfh/ wkh vhw ri frqvwudlqwv lv vdlg wr

eh plqlpdo1 Lq wklv sduwlfxodu fdvh |rx fdq suryh wkdw wkh vroxwlrq wr wkh qrupdo htxdwlrqv lv

lqghshqghqw ri wkh �o= Li wkh qxpehu ri frqvwudlqw yhfwruv lv odujhu wkdq wkh glphqvlrq ri wkh

qxoo0vsdfh/ zh kdyh ryhufrqvwudlqhg wkh v|vwhp1 Hyhq lq wkh fdvh ri plqlpdo frqvwudlqwv wkhuh lv d

orw ri iuhhgrp lq fkrrvlqj wkh frqvwudlqw yhfwruv/ vlqfh wkh rqo| uhtxluhphqw lv wkdw wkh| vsdq wkh

qxoo vsdfh1

Zh qrz suryh wkdw li rqh wkh Xo kdv d frpsrqhqw zklfk olhv lq wkh qxoo vsdfh/ wkhq

Xo �D @ 3

l1h1/ wkh vroxwlrq lv ruwkrjrqdo wr wkh Xo1 Surri1 Ohw Y eh d qxoo hljhqyhfwru1 Wkhq lw iroorzv wkdw

Y �E @ Y QD

@ 3

Khqfh E lv ruwkrjrqdo wr wkh qxoo vsdfh1 +Wklv lv dq hohphqwdu| idfw ri olqhdu dojheud/ exw lv zruwk
uhshdwlqj khuh1, E| dvvxpswlrq/ Xo kdv d frpsrqhqw lq wkh qxoo vsdfh1 Wklv phdqv wkhuh h{lvwv d
yhfwru h@ lq wkh qxoo vsdfh vxfk wkdw

Xo � h@ 9@ 3

Qrz/ frqvlghu wkh prgl�hg qrupdo htxdwlrq1 Li zh pxowlso| wklv htxdwlrq rq erwk vlghv e| h@=

h@

#
Q .

[
o

�oXo Xo

$
D @ h@E

Zh mxvw vkrzhg wkdw wkh uljkw kdqg vlgh ri wklv lv }hur/ khqfh wkh ohiw kdqg vlgh pxvw dovr eh }hur1

Vlqfh h@Q @ 3 lw iroorzv wkdw

+h@ � Xo, +Xo �D, @ 3

Vlqfh +h@ � Xo, lv qrq ydqlvklqj lw iroorzv wkdw

Xo �D @ 3

Wkh lpsruwdqfh ri wklv uhvxow lv wkdw wklv vkrzv krz wkh frqvwudlqwv dfw rq wkh v|vwhp1 Wkh| irufh

D wr kdyh d ydqlvklqj surmhfwlrq lq vrph gluhfwlrq lq sdudphwhu vsdfh1 Iru h{pdsoh/ lq YOEL li

|rx zdqw wr frqvwudlq wkh Zhvwirug [0dgmxvwphqw wr 3/ wkhq wkh frqvwudlqw yhfwru zrxog frqvlvw ri

d yhfwru zlwk d vlqjoh qrq0ydqlvklqj frpsrqhqw fruuhvsrqglqj wr wkh Zhvwirug [0dgmxvwphqw1

7 V|pphwulhv ri wkh YOEL Ghod|

Wkh YOEL ghod| wdnhv wkh irup

� ��c@ @fv@+w, �X+$+w,,+�$u� +w,�
�$
u� +w,,

zkhuh L kdyh ljqruhg wkh odujh glxuqdo urwdwlrq zklfk frpsolfdwhv wkh iroorzlqj glvfxvvlrq zlwkrxw

vxevwdqwldoo| fkdqjlqj wkh uhvxowv1 Urxjko| vshdnlqj wkhlu duh wzr nlqgv ri v|pphwulhv dvvrfldwhg

zlwk wkh ghod|1 Wkh �uvw nlqg lv gxh wr v|pphwulhv ri wkh edvholqh yhfwru �$u� +w,�
�$
u� +w,/ zkloh wkh
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vhfrqg lv uhodwhg wr wudqvirupdwlrqv zklfk ohdyh wkh rulhqwdwlrq ri wkh WUI zlwk uhvshfw wr wkh

FUI dorqh1

Lw lv fxvwrpdu| wr prgho wkh vwdwlrq srvlwlrqv dv hyroylqj olqhduo| zlwk wlph/ zkloh wkh vrxufh

srvlwlrqv duh dvvxphg wr eh �{hg1 Wkh YOEL ghod| wkhq wdnhv wkh irup=

� ��c@ @fv@ � X+$,+�$u� .�w
�$
y� �

�$
u� ��w

�$
y� , +7,

Khuh fv@ lv wkh xqlw yhfwru srlqwlqj dw wkh vrxufh odehohg e| d/ dqg �$u� /
�$
u� duh yhfwruv wr wkh wzr

uhfhlyhuv/ dqg �$y� /
�$
y� duh wkh yhorflwlhv ri wkh uhfhlyhuv1 Wkh 6 � 6 pdwul{ X+$, dffrxqwv iru wkh

uhvlgxdo xqprghohg urwdwlrq ehwzhhq wkh FUI dqg wkh WUI1 Iru vlpsolflw| lq zkdw iroorzv/ L zloo

uhihu wr wklv urwdwlrq dv wkh �HRS�1 Iru vpdoo urwdwlrqv zh kdyh wkh dssur{lpdwlrq=

X+$, @ L .�$$ � +8,

khuh �$$ lv 6 yhfwru zkrvh frpsrqhqwv duh wkh urwdwlrq derxw wkh {/ | dqg } d{lv lq udgldqv1 Zh
qrz surfhhg wr hoxflgdwh wkh v|pphwulhv ri wkh ghod|1

Joredo wudqvodwlrq ri srvlwlrqv1 Wkh ghod| lv lqyduldqw xqghu d vlpxowdqhrxv frqvwdqw

wudqvodwlrq ri doo wkh vwdwlrqv=

�$
u� $

�$
u� .

�$

�u +9,

Vlqfh
�$

�u lv d 60yhfwru/ wklv ohdgv wr wkuhh lqghshqghqw frqvwudlqwv1
Joredo wudqvodwlrq ri yhorflwlhv1 Wkh ghod| lv lqyduldqw xqghu d vlpxowdqhrxv wudqvodwlrq

+errvw, ri wkh yhorflwlhv=

�$
y� $

�$
y� .

�$

�y +:,

Vlqfh
�$

�y lv d 60yhfwru/ wklv ohdgv wr wkuhh lqghshqghqw frqvwudlqwv1
Zh qrz wxuq rxu dwwhqwlrq wr wkh v|pphwulhv dvvrfldwhg zlwk wkh frqqhfwlrq ri wkh FUI dqg

WUI1
Frqvwdqw urwdwlrqv1 Wkhuh duh vhwv ri urwdwlrqv lq YOEL1 41, Zh fdq urwdwh wkh FUI> 51,

Zh fdq urwdwh wkh WUI> 61, Zh fdq fkdqjh wkh HRS sdudphwhuv1 Lq wkh lpphgldwh iroorzlqj zh
ghdo zlwk frqvwdqw urwdwlrqv/ l1h1/ wlph lqyduldqw1 Dv orqj dv wkh surgxfw ri wkhvh wkuhh urwdwlrqv
lv htxdo wr 4/ wkhq wkh ghod| zloo eh lqyduldqw1 Sk|vlfdoo| doo zh duh vd|lqj lv wkdw d urwdwlrq ri wkh
FUI dqg wkh WUI fdq eh devruehg lqwr d frqvwdqw fkdqjh lq HRS1

D vlpxowdqhrxv vpdoo urwdwlrq ri doo vwdwlrqv lq wkh WUI lv vshfl�hg lq whupv ri wkh wkuhh
urwdwlrq dqjohv �$� e|=

�$
u� $ +L .�$� �,�$u� +;,
�$
y� $ +L .�$� �,�$y�

Vlploduo|/ d vpdoo urwdwlrq ri wkh FUI lv jlyhq e|=

fv@ $ +L .
�$

� �,fv@ +<,

zkloh d frqvwdqw vkliw lq HRS lv=
�$$ $�$$ .�$� +43,

:



Qrwh wkdw li
�$� �

�$

� .�$� @ 3 +44,

wkhq wkh ghod| lv xqfkdqjhg xs wr �uvw rughu1 Wkh plqxv vljq iru
�$

� dulvhv vlqfh iru dq| yhfwru �$t

zh kdyh

�$

� �fv@ �

�$
t @ �fv@ �

�$

� �
�$t

Hdfk ri wkh urwdwlrqv �$� /
�$

� / dqg �$� kdyh 6 sdudphwhuv/ zklfk ohdgv wr d wrwdo ri < urwdwlrq
sdudphwhuv1 Wkh frqglwlrq wkdw wkh ghod| eh xqfkdqjhg jlyhq e| 44 vxssolhv 6 frqglwlrqv rq wkh
urwdwlrqv/ zklfk uhgxfhv wkh qxpehu ri lqghshqghqw urwdwlrqv wr 91

Frqvwdqw vslq1 Lq dgglwlrq wr d frqvwdqw urwdwlrq/ rqh fdq lpdjlqh d urwdwlrq zkhuh wkh WUI
lv urwdwlqj zlwk d frqvwdqw udwh ri urwdwlrq1 Wr glvwlqjxlvk wklv vwdwh iurp qrupdo urwdwlrq/ L zloo
fdoo lw vslq1 Vxfk d fkdqjh fdq dozd|v eh devruehg lqwr d olqhdu guliw lq wkh HRS1 Wkh qrwlrq ri d
vslqqlqj WUI lv qrw idu ihwfkhg1 Vlqfh wkh whfwrqlf sodwhv duh vslqqlqj zlwk uhvshfw wr hdfk rwkhu
zlwk d frqvwdqw dqjxodu yhorflw| +frqvwdqw ryhu wkh wlph vfdohv zh duh lqwhuhvwhg lq,/ lw lv lpsrvvleoh
wr gh�qh d iudph lq zklfk doo vwdwlrqv duh �{hg1 Wkh ehvw wkdw |rx fdq gr lv gh�qh d iudph zklfk
lv �{hg wr rqh ri wkh sodwhv/ dqg vslqqlqj zlwk uhvshfw wr wkh rwkhuv1

Xqghu vxfk d �vslq wudqvirupdwlrq�/ wkh srvlwlrqv dqg yhorflwlhv zloo fkdqjh dv iroorzv=

�$
u� $ +L . w

�$
� �,�$u� +45,

�$
y� $ +L . w

�$
� �,�$y�

Wklv irup kdv wkh glvdgydqwdjh wkdw wkh srvlwlrq lv qrz wlph ghshqghqw1 Li zh devrue wklv wlph

ghshqghqfh lq wkh yhorflw|/ zh kdyh=

�$
u� $

�$
u�

�$
y� $

�$
y� .

�$
� �

�$
u� . w

�$
� �

�$
y� +46,

*
�$
y� .

�$
� �

�$
u�

Lq jrlqj wr wkh odvw olqh L kdyh xvhg wkh idfw wkdw w�$� ��$y� lv yhu| vpdoo/ dqg fdq eh ljqruhg1 Khqfh

d vslq wudqvirupdwlrq fdq eh xvhg dv ohdylqj wkh srvlwlrqv lqyduldqw/ exw fkdqjlqj wkh yhorflw|1 D

frqvwdqw fkdqjh lq HRS udwh lv jlyhq e|=

�$
$ $

�$
$ . w

�$

� +47,

Qrwh wkdw li
�$
� .

�$

� @ 3

wkh ghod| zloo uhpdlq xqfkdqjhg1 Hdfk ri wkh 5 dqjxodu udwhv kdv 6 frpsrqhqwv/ iru d wrwdo ri 9
urwdwlrq udwh sdudphwhuv1 Wkh frqglwlrq wkdw wkh ghod| eh xqfkdqjhg lpsrvhv wkuhh frqglwlrqv rq
wkhvh 9 htxdwlrqv/ ohdylqj 6 lqghshqghqw frpsrqhqwv1

Lq wkh deryh dqdo|vlv zh dvvxphg wkdw wkh FUI glg qrw vslq1 Li zh zdqw wr vroyh iru surshu
prwlrq ri wkh vwduv/ wkhq zh qhhg wr doorz iru wkh FUI wr vslq1 Wkh dqdo|vlv zrxog eh prgl�hg

;



lq d zd| hqwluho| dqdorjrxv wr wkdw ri wkh fdvh ri frqvwdqw urwdwlrq/ dqg zh zrxog kdyh < urwdwlrq
udwh sdudphwhuv/ zlwk 6 frqglwlrqv rq wkhp/ ohdglqj wr d wrwdo ri 9 lqghshqghqw sdudphwhuv1

Wdeoh 4 ehorz vxppdul}hv wkh lqyduldqfhv ri wkh ghod|/ dqg zkdw wkh| duh dvvrfldwhg zlwk1

Wdeoh 41 V|pphwulhv ri wkh Ghod|

Vrxufh2Qdph &
Srvlwlrq wudqvodwlrq 6
Yhorflw| wudqvodwlrq 6
Urwdwlrq ri FUI/WUI dqg frqvwdqw fkdqjh lq HRS 9
Vslq ri WUI/ dqg HRS vorsh 6
Wrwdo 48

Lq vxppdu| zh kdyh 48 wudqvirupdwlrqv zklfk ohdyh wkh ghod| lqyduldqw1 D jlyhq YOEL vroxwlrq
lv d phpehu ri d 48 sdudphwhu idplo| ri vroxwlrqv/ doo zklfk djuhh htxdoo| zhoo zlwk wkh gdwd +kdyh
wkh vdph "2,1 Li |rx uho| rqo| rq YOEL gdwd/ wkhuh lv qr zd| wr slfn d �suhihuuhg vroxwlrq�1 \rx
qhhg wr lqyrnh rwkhu sulqflsohv ru uhdvrqv iru fkrrvlqj d sduwlfxodu vroxwlrq1 Iru h{dpsoh/ rwkhu
whfkqltxhv pdnh jlyh lqirupdwlrq zklfk lv frpsohphqwdu| wr YOEL1 Pdwkhpdwlfdoo| wkh lqyduldqfh
ri wkh ghod| ohdgv wr d ghjhqhudf| ri wkh qrupdo htxdwlrqv�wkh qrupdo pdwul{ kdv 3 hljhqyhfwruv1

Wkh vsdq ri wkh qxoo vsdfh lv 48 glphqvlrqv1 Sxw dqrwkhu zd|/ |rx fdq*w lqyhuw wkh qrupdo htxdwlrqv

dv wkh| vwdqg1 \rx qhhg wr lpsrvh vrph frqvwudlqwv1 Wkh plqlpxp qxpehu ri frqvwudlqwv lv 481

Lq wkh iroorzlqj vhfwlrqv zh h{soruh ydulrxv frqvwudlqwv1

8 Rog Idvklrqhg YOEL Frqvwudlqwv

Lq wkh suhfhglqj vhfwlrqv zh vdz wkdw |rx qhhghg wr lpsrvh d plqlpxp ri 48 frqvwudlqwv wr

lqyhuw wkh YOEL qrupdo htxdwlrqv1 Wkhuh duh olwhudoo| dq lq�qlwh qxpehu ri zd|v ri fkrrvlqj vxfk

frqvwudlqwv1 Lq wklv vhfwlrq zh ghvfuleh rqh vxfk vhw1

Sulru wr 4<<5/ wkh iroorzlqj frqvwudlqwv zhuh lpsrvhg rq wkh YOEL vroxwlrq=

41 D vwdwlrq zdv khog �{hg1 Erwk wkh srvlwlrq dqg wkh yhorflw| dgmxvwphqwv zhuh frqvwudlqhg

wr eh 31 Wklv lpsrvhg 6 frqvwudlqwv rq wkh srvlwlrq/ dqg 6 rq wkh yhorflw| iru d wrwdo ri

9 frqvwudlqwv1 Xvxdoo| wkh �{hg vwdwlrq zdv Zhvwirug/ Pdvvdfkxvhwwv1 Wklv zdv dfwxdoo|

grqh e| �wxuqlqj r�� wkh dgmxvwphqwv iru wkhvh sdudphwhuv1 Wkdw lv/ wkhvh sdudphwhuv zhuh

uhpryhg iurp wkh qrupdo htxdwlrqv1

51 Wkh d}lpxwk dqjoh iurp wkh �{hg vwdwlrq wr dqrwkhu vwdwlrq zdv khog �{hg1 Iru h{dpsoh/ wkh

gluhfwlrq yhfwru iurp Zhvwirug wr Ulfkprqg/ Iorulgd/ zdv frqvwudlqhg wr lwv qrplqdo ydoxh1

Wklv lpsrvhg 5 urwdwlrqdo frqvwudlqwv rq wkh srvlwlrq dqg 5 rq wkh yhorflw|/ iru d wrwdo ri 7

frqvwudlqwv1

61 Wr suhyhqw urwdwlrq derxw wklv d{lv/ dqrwkhu urwdwlrqdo frqvwudlqw lv lpsrvhg1 Wkh xs dgmxvw0

phqw dqg yhorflw| ri d wklug vwdwlrq/ w|slfdoo| Ndxl/ zhuh khog �{hg1 Wklv lv dq dgglwlrqdo 5

frqvwudlqwv/ 4 hdfk iru srvlwlrq dqg yhorflw|1

71 Wr �{ wkh rulhqwdwlrq ri wkh FUI dqg WUI wzr dgglwlrqdo vhwv ri frqvwudlqwv zhuh lpsrvhg1
D, Wkh HRS sdudphwhuv zhuh qrw dgmxvwhg rq vrph gd|/ iru d wrwdo ri 8 frqvwudlqwv +6 iru

<



HRS surshu/ dqg wzr iru qxwdwlrq,> dqg E1, Wkh dgmxvwphqw ri wkh uljkw0dvfhqvlrq ri vrph
vrxufh/ ru wkh dyhudjh dgmxvwphqw ri vrph vhw ri vrxufhv zdv frqvwudlqhg wr eh 3/ iru rqh
dgglwlrqdo frqvwudlqw1

Wkh wrwdo qxpehu ri frqvwudlqwv lv 4;/ zklfk lv odujhu wkdq wkh plqlpdo qxpehu ri frqvwudlqwv/
zklfk lv 481 Wkh deryh v|vwhp dfwxdoo| ryhu0frqvwudlq wkh v|vwhp1 Lq dgglwlrq wr wklv/ wkhuh duh
vhyhudo rwkhu glvdgydqwdjhv wr wklv v|vwhp ri frqvwudlqwv1

41 Wkh hqwluh qdwxuh ri wkh frqvwudlqwv lv vrphzkdw dg krf1 Wr �{ wkh WUI |rx qhhg wr fkrrvh
vrph vshfldo vwdwlrqv1 Wkhvh vwdwlrqv duh w|slfdoo| fkrvhq zlwk vrph sk|vlfdo frqvlghudwlrqv1
Iru h{dpsoh/ prvw phdvxuhphqwv ri Zhvwirug lqglfdwh wkdw lw lv vwdwlrqdu|/ vr nhhslqj lw
�{hg vhhpv uhdvrqdeoh1 Vlploduo|/ Ulfkprqg grhv qrw dsshdu wr eh urwdwlqj zlwk uhvshfw wr
Zhvwirug/ vr �{lqj wklv d}lpxwk dovr vhhpv uhdvrqdeoh1

51 Dowkrxjk wkh vshfldo vwdwlrqv dsshdu vwdwlrqdu|/ wkh| pd| qrw eh1 Li wkh| kdyh uhdo prwlrq
wklv zloo pds gluhfwo| lqwr d prwlrq ri wkh zkroh qhwzrun1

61 E| frqvwuxfwlrq wkh xqfhuwdlqwlhv lq wkh srvlwlrq dqg yhorflw| ri wkh �{hg vwdwlrq lv 31 Ehfdxvh
ri wkh vwuxfwxuh ri wkh fruuhodwlrq pdwul{/ wklv kdv wkh xqzdqwhg h�hfw wkdw/ doo rwkhu wklqjv
ehlqj htxdo/ vwdwlrqv wkdw duh jhrjudsklfdoo| forvh wr wkh �{hg vwdwlrq +h1j1/ Kd|vwdfn lv forvh
wr Zhvwirug, zloo kdyh vpdoohu vljpdv zkloh vwdwlrqv wkdw duh ixuwkhu iurp wkh �{hg vwdwlrq
zloo kdyh odujhu vljpdv1

71 Wkhuh duh vlplodu sureohpv zlwk wkh FUI1 E| frqvwuxfwlrq/ wkh irupdo huuruv iru wkh vrxufh
zkrvh UD lv �{hg zloo ydqlvk1 Djdlq/ doo rwkhu wklqjv ehlqj htxdo/ vrxufhv zklfk duh forvh
wr wklv zloo kdyh vpdoohu irupdo huuruv zkloh vrxufhv zklfk duh ixuwkhu dzd| zloo kdyh odujhu
rqhv1

81 \hw djdlq/ doo rwkhu wklqjv ehlqj htxdo/ wkh HRS irupdo huuruv iru gd|v zklfk duh forvh lq
wlph wr wkh �{hg gd| kdyh vpdoohu irupdo huuruv wkdq wkrvh zklfk duh ixuwkhu dzd|1

91 Il{lqj HRS lpsolflwo| ghwhuplqhv wkh rulhqwdwlrq ri wkh FUI1 Wklv rulhqwdwlrq fdq rqo| eh
ghwhuplqhg dv zhoo dv wkh HRS frxog eh phdvxuhg1 Khqfh wkh ryhudoo xqfhuwdlqw| ri wkh FUI
lv h�hfwhg e| wkh fkrlfh ri �{hg gd|1 Hyhq li wkh HRS lv zhoo ghwhuplqhg/ wkhuh lv dqrwkhu
duwlidfw1

9 Qhz Qr Qhw Frqvwudlqwv

Ehfdxvh ri wkh sureohpv dvvrfldwhg zlwk wkh wudglwlrqdo frqvwudlqwv/ L sursrvhg d qhz vhulhv ri
frqvwudlqwv1 Wkhvh zhuh prwlydwhg e| wkh iroorzlqj frqvlghudwlrqv1 Dsduw iurp vrxufh vwuxfwxuh/
rqh h{shfwv wkh uhodwlyh srvlwlrqv ri vwduv lq wkh FUI wr eh frqvwdqw1 Ixuwkhupruh/ wkhuh lv dpsoh
hylghqfh wkdw dv d jrrg �uvw dssur{lpdwlrq/ vwdwlrqv hyroyh olqhduo| zlwk wlph/ dowkrxjk wkhuh gr
dsshdu wr eh v|vwhpdwlf vhdvrqdo  xfwxdwlrqv lq wkh hvwlpdwh ri vwdwlrq srvlwlrq1 Erwk wkh WUI
dqg FUI duh uljlg wlph lqyduldqw prghov1 Lq frqwudvw/ wkh HRS ydulhv gd| e| gd|1 Ixuwkhupruh/
rqh grhv qrw zdqw wkh WUI ru FUI wr eh vnhzhg e| hlwkhu d edg fkrlfh ri uhihuhqfh gd|/ ru e|
xqiruwxqdwh fkrlfhv iru vwdwlrq dqg vrxufh wkdw dsshduv lq wkh frqvwudlqw1 Wkhvh ohdg ph wr pdnh
wkh iroorzlqj sursrvdov1
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41 Wkh rulhqwdwlrqv ri wkh FUI dqg wkh WUI vkrxog eh frqvwudlqhg/ dqg HRS eh ghwhuplqhg
iurp wkhp1

51 Wkh WUI dqg wkh FUI vkrxog djuhh dv forvho| dv srvvleoh frqvlvwhqw zlwk wkh gdwd zlwk wkh
d sulrul prgho1 Wkdw lv/ wkh dgmxvwphqwv vkrxog eh dv vpdoo dv srvvleoh1

Wkh dgydqwdjh ri wkh vhfrqg sulqflsoh lv wkdw dq| ghyldwlrq ri wkh vroxwlrq iurp wkh d sulrul
prgho lv gxh hqwluho| wr wkh gdwd/ dqg lv qrw gxh/ iru h{dpsoh wr d srru fkrlfh ri frqvwudlqwv1
Wkh h{solflwo| uhdol}dwlrq ri wkhvh sulqflsohv zdv grqh e| lpsrvlqj wkh iroorzlqj frqvwudlqwv rq wkh
YOEL qrupdo htxdwlrqv=

41 Wkh srvlwlrq dgmxvwphqwv iru vrph vhw ri vwdwlrqv lv frqvwudlqhg vr wkdw wkh dyhudjh srvlwlrq
dgmxvwphqw lv }hur1 Zh uhihu wr wklv dv Qr Qhw Wudqvodwlrq ri wkh Srvlwlrq +QQWS,1

51 Wkh yhorflw| dgmxvwphqwv iru vrph vhw ri vwdwlrqv lv frqvwudlqhg vr wkdw wkh dyhudjh yhorflw|
dgmxvwphqw lv }hur1 Zh uhihu wr wklv dv Qr Qhw Wudqvodwlrq ri wkh Yhorflw| +QQWY,1

61 Wkh rulhqwdwlrq ri vrph vhw ri vwdwlrq srvlwlrqv lv frqvwudlqhg vr wkdw wkhuh lv Qr Qhw Urwdwlrq
ri wkh Srvlwlrq +QQUS, ri wkh vwdwlrqv zlwk uhvshfw wr wkh d sulrul prgho1

71 Wkh yhorflwlhv ri vrph vhw ri vwdwlrqv lv frqvwudlqhg vr wkdw wkh wkhuh lv Qr Qhw Vslq ri wkh
Yhorflw| zlwk uhvshfw wr wkh d sulrul1 Vwulfwo| vshdnlqj wklv frqvwudlqw vkrxog eh fdoohg QQVY/
exw lw lv dfwxdoo| fdoohg QQUY1

81 Wkh srvlwlrq ri vrph vhw ri vrxufhv lv frqvwudlqhg vr wkdw wkhuh lv Qr Qhw Urwdwlrq ri wkh
Vrxufhv +QQUV, zlwk uhvshfw wr wkh d sulrul1

Lq wkh iroorzlqj vhfwlrqv L glvfxvv hdfk ri wkhvh frqvwudlqwv lq pruh ghwdlo/ dqg jlyh wkhlu h{solflw
irupv1

: Qr Qhw Wudqvodwlrq Srvlwlrq Frqvwudlqwv

Lq rughu wr uhpryh wkh wudqvodwlrqdo ghjhqhudf|/ zh qhhg wr lpsrvh frqvwudlqwv rq wkh srvlwlrq1
Rqh srvvlelolw| lv wr frqvwudlq wkh vxp ri wkh srvlwlrq dgmxvwphqwv �

�$
u � wr 3=

[

�

�
�$
u � @ 3 +48,

Lw lv zruwk hpskdvl}lqj wkdw wklv frqvwudlqw pdnhv wkh YOEL vroxwlrq eh dv forvh dv srvvleoh wr
wkh d sulrul prgho1 Wr vhh wklv/ vxssrvh wkdw zh kdyh d vroxwlrq wr wkh YOEL htxdwlrqv/ wkdw lv
d vhw ri srvlwlrq dgmxvwphqwv/ zklfk grhvq*w qhffhvdulo| reh| wkh deryh frqvwudlqw1 Zh fdq rewdlq
dqrwkhu vroxwlrq e| wudqvodwlqj doo ri wkh dgmxvwphqwv e| d frqvwdqw dprxqw=

�
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u � $ �

�$
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u +49,

Wklv vhw ri dgmxvwphqwv lv dq htxdoo| jrrg vroxwlrq wr wkh qrupdo htxdwlrqv1 D qdwxudo phdvxuh ri
wkh glvwdqfh ehwzhhq wkh prgho dqg wkh d sulrul lv wkh vxp ri vtxduhv ri wkh dgmxvwphqwv=

G
2
�

[

�
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u ,2 +4:,
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Zh fdq plqlpl}h wklv dgmxvwphqw e| ydu|lqj ��$u 1 Zh �qg wkdw wkh G2 zloo eh d plqlpxp zkhq=
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u @ �
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�

�
�$
u � +4;,

Wklv htxdwlrq whoov xv krz wr dgmxvw wkh srvlwlrqv vr wkdw wkh YOEL vroxwlrq lv dv forvh dv srvvleoh wr
wkh d sulrul1 Qrwh wkdw li wkh li wkh Ohiw Kdqg Vlgh +OKV, ri wklv htxdwlrq lv 3/ wkhq qr dgmxvwphqw
lv qhfhvvdu|1 Wklv frqglwlrq lv suhflvho| wkh frqvwudlqw wkdw zh kdyh lpsrvhg1 Wklv vxp fdq eh
prgl�hg lq ydulrxv zd|v1

Wkhuh duh vhyhudo yduldqwv ri wkh QQWS frqvwudlqw1 Iru h{dpsoh/ wkh vxp frxog h{whqg ryhu
rqo| wkrvh vwdwlrqv wkdw duh �zhoo ghwhuplqhg�/ ru wkh vxp frxog eh uhsodfhg e| d zhljkwhg vxp=

[

�

z��
�$
u � @ 3 +4<,

Wklv frqvwudlqw lv fdoohg �Qr Qhw Wudqvodwlrq ri Srvlwlrq� ehfdxvh wkh vxp ri wkh srvlwlrq dgmxvw0
phqwv lv }hur1 Wklv lv d yhfwru htxdwlrq/ dqg lpsrvhv wkuhh frqvwudlqwv rq wkh srvlwlrq1

Dq dowhuqdwh irup wkh QQW Srvlwlrq frqvwudlqw lv dovr xvhg1 Wr jlyh lw*v h{solflw irup L qhhg wr
vrph qrwdwlrq1 Gh�qh wkh vlwh ghshqghqw surmhfwlrq rshudwru

SM�
@ L � eu�  eu� +53,

Wklv dfwv rq dq duelwudu| yhfwru
�$

e dffruglqj wr=

SM�

�$

e @
�$

e �

�
�$

e � eu�
� eu� +54,

Qrz eu� lv lq wkh gluhfwlrq ri orfdo xs1 Ohw eh� dqg eq� eh wkh orfdo Hdvw dqg Qruwk xqlw yhfwruv1 Lw

lv vwudljkwiruzdug wr yhuli| wkdw=

SM�
eu� @ 3

SM�
eh� @ eh� +55,

SM�
eq� @ eq�

Dovr/ iru dq| yhfwru
�$

e zh kdyh

eu�SM�

�$

e @ 3

Khqfh SM�
surmhfwv d yhfwru rqwr wkh krul}rqwdo frpsrqhqwv1 Zlwk wklv edfnjurxqg/ dq dowhuqdwh

frqvwudlqw lv= [

�

SM�
�
�$
u � @ 3

Wklv frqvwudlqv wkh dyhudjh krul}rqwdo surmhfwlrq wr eh 31 Iru wkh srvlwlrq wkhuh lv qr vwurqj dujx0

phqw iru xvlqj wklv sduwlfxodu frqvwudlqw/ dowkrxjk wkhuh lv iru wkh dqdorjrxv fdvh ri wkh yhorflwlhv1
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; Qr Qhw Wudqvodwlrq Yhorflw| Frqvwudlqwv

Lq rughu wr uhpryh wkh wudqvodwlrqdo ghjhqhudf| iru wkh yhorflwlhv/ zh qhhg wr lpsrvh frqvwudlqwv

rq wkh yhorflw|1 Rqh srvvlelolw| lv wr frqvwudlq wkh vxp ri wkh yhorflw| dgmxvwphqwv �
�$
y � wr 3=

[

�

�
�$
y � @ 3 +56,

Dv zlwk wkh srvlwlrq frqvwudlqw/ wklv vxp fdq eh prgl�hg lq ydulrxv zd|v1 Iru h{dpsoh/ wkh vxp
frxog h{whqg ryhu rqo| wkrvh vwdwlrqv zkhuh wkh yhorflw| lv �zhoo ghwhuplqhg�/ ru wkh vxp frxog eh
uhsodfhg e| d zhljkwhg vxp= [

�

z��
�$
y � @ 3 +57,

Wklv frqvwudlqw lv fdoohg �Qr Qhw Yhorflw| Wudqvodwlrq� ehfdxvh wkh vxp ri wkh srvlwlrq dgmxvwphqwv
lv }hur1 Wklv lv d yhfwru htxdwlrq/ dqg lpsrvhv wkuhh frqvwudlqwv1 Dv zlwk wkh Qr Qhw Srvlwlrq
Wudqvodwlrq Frqvwudlqw/ wklv frqvwudlqw pdnhv wkh vroxwlrq dv forvh dv srvvleoh wr wkh d sulrul prgho
frqvlvwhqw zlwk wkh gdwd1 Wkh dujxphqw ri wkh suhylrxv vhfwlrq jrhv wkurxjk hvvhqwldoo| lqwdfw/
pxwdwlv pxwdqglv/ dqg zrq*w eh uhshdwhg khuh1

Dq dowhuqdwh irup wkh QQW yhorflw| frqvwudlqw lv dovr xvhg=

[

�

SM�
�
�$
y � @ 3

Wklv frqvwudlqv wkh dyhudjh krul}rqwdo surmhfwlrq ri wkh yhorflw| wr 31 Rqh prwlydwlrq iru wklv lv

wkh d sulrul prghov pd| jlyh qr lqirupdwlrq derxw wkh yhuwlfdo frpsrqhqwv1 Iru h{dpsoh/ wkh sodw

prghov pdnh suhglfwlrqv derxw wkh krul}rqwdo frpsrqhqwv ri wkh yhorflwlhv/ exw pdnh qr suhglfwlrqv

derxw wkh yhuwlfdo1 Li zh frqvwudlq wkh yhorflwlhv wr eh dv forvh dv srvvleoh wr wkh d sulrul prgho/

zh duh lpsolflwo| frqvwudlqlqj wkh dyhudjh yhuwlfdo yhorflw| wr eh 31 Zh pd| ru pd| qrw zdqw wr gr

wklv/ exw zh vkrxog eh dzduh ri zkdw zh duh grlqj1

< Qr Qhw Urwdwlrq ri Srvlwlrq

Wr �{ wkh rulhqwdwlrq ri wkh WUI L qhhg wr lpsrvh d frqvwudlqw rq wkh rulhqwdwlrq1 Wkh frqvwudlqw

L xvh lv=

[

�

4

u
2

fc�

�$
u fc� � �

�$
u � @ 3 +58,

Wkh frqvwudlqw fdq eh prgl�hg wr eh d zhljkwhg vxp/ ru wr lqfoxgh rqo| vrph vwdwlrqv1 Khuh �$u fc�

lv wkh d sulrul vwdwlrq srvlwlrq1 Lw lv lqwhuhvwlqj wr qrwh wkdw d jlyhq whup lq wkh vxp

4

u
2

fc�

�$
u fc� � �

�$
u �

lv h{dfwo| wkh urwdwlrq wkdw vlwh zrxog kdyh wr jr wkurxjk wr eh doljqhg zlwk wkh d sulrul prgho1

Wr vhh wklv/ qrwh wkdw xqghu wklv urwdwlrq/ wkh wrwdo yhfwru/ d sulrul soxv dgmxvwphqw/ zloo xqghujr
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wkh iroorzlqj wudqvirupdwlrq=

+�$u fc� . �
�$
u �, $

#
L .

#
4

u2
fc�

�$
u fc� � �

�$
u�

$
�

$
+�$u fc� . �

�$
u �, +59,

@

�$
u fc� . +��$u� � euf, euf

Wkh vhfrqg whup rq wkh UKV lv wkh yhuwlfdo sduw ri wkh dgmxvwphqw/ zklfk fdq*w eh holplqdwhg e|

d urwdwlrq1 Wkh lqwhusuhwdwlrq ri wkh frqvwudlqw lv fohdu= Wkh vxp ri wkh urwdwlrqv ehwzhhq wkh

vroxwlrq dqg wkh d sulrul lv 3/ ru/ lq zrugv/ wkhuh duh Qr Qhw Urwdwlrqv1

Wkhuh lv dq dowhuqdwh ghulydwlrq ri wklv frqvwudlqw zklfk ghprqvwudwhv wkdw wklv pdnhv wkh

vroxwlrq eh dv forvh dv srvvleoh wr wkh d sulrul1 Wkh dujxphqw iroorzv wkdw iru wkh wudqvodwlrqdo

frqvwudlqwv1 Vxssrvh zh kdyh vrph vroxwlrq wr wkh YOEL qrupdo htxdwlrqv1 Zh fdq rewdlq dqrwkhu

vroxwlrq e| urwdwlrq=

+�$u fc� . �
�$
u �, $ +L .�$� �, +�$u fc� . �

�$
u �,

@ �$
u fc� . �

�$
u � .

�$
� �

�$
u fc� .

�$
� � �

�$
u�

*
�$
u fc� . �

�$
u � .

�$
� �

�$
u fc�

Lq jrlqj iurp wkh vhfrqg wr wkh wklug olqh L kdyh xvhg wkh idfw wkdw odvw whup lv pxfk vpdoo frpsduhg

wr wkh rwkhu whupv1 Wkh glvwdqfh vtxduhg ri wklv qhz vroxwlrq iurp wkh d sulrul lv=

G
2
�

[

�

+��$u � .
�$
� �

�$
u fc�,

2

Wklv fdq eh plqlpl}hg zlwk uhvshfw wr �$� wr rewdlq=

3
C[

�

SM�

4
D�$
� @ �

[

�

4

u
2

fc�

�$
u fc� � �

�$
u �

zkhuh lv wkh krul}rqwdo surmhfwlrq rshudwru lqwurgxfhg hduolhu1 Wklv htxdwlrq whoov xv krz wr �qg

wkh urwdwlrq zh qhhg wr doljq wkh YOEL vroxwlrq dv forvho| dv srvvleoh zlwk wkh d sulrul prgho1 Qrwh

wkdw li wkh Uljkw Kdqg Vlgh ri wklv lv 3/ wkhq wkh uhtxluhg urwdwlrq lv 31 Wkh frqglwlrq wkdw wkh

UKV eh 3 lv suhflvho| rxu frqvwudlqw1

43 Qr Qhw Yhorflw| Urwdwlrq

Wr uhpryh wkh ghjhqhudf| dvvrfldwhg zlwk d vslq ri wkh WUI L qhhg wr lpsrvh d frqvwudlqw rq wkh

rulhqwdwlrq1 Wkh frqvwudlqw L xvh lv=

[

�

4

u
2

fc�

�$
u fc� � �

�$
y � @ 3 +5:,

Khuh �$u fc� lv wkh d sulrul vwdwlrq srvlwlrq1 Lw lv lqwhuhvwlqj wr qrwh wkdw d jlyhq whup lq wkh vxp
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u
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fc�

�$
u fc� � �

�$
y �
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lv h{dfwo| wkh vslq uhtxluhg wr uhgxfh wkh krul}rqwdo yhorflw| ri wkh vlwh zlwk uhvshfw wr wkh d sulrul

prgho wr 31 Xqghu d vslq wudqvirupdwlrq wkh wrwdo yhorflw| zloo wudqvirup dffruglqj wr=

+�$y fc� . �
�$
y �, $ +�$y fc� . �

�$
y �,.

#
4

u
2

fc�

�$
u fc� � �

�$
y�

$
�$
u fc� +5;,

@

�$
y fc� . +��$y� � euf, euf

Wkh vhfrqg whup rq wkh UKV lv wkh yhuwlfdo sduw ri wkh yhorflw| dgmxvwphqw/ zklfk fdq*w eh holp0
lqdwhg e| d vslq wudqvirupdwlrq1 Wkh lqwhusuhwdwlrq ri wkh frqvwudlqw lv fohdu= Wkh vxp ri wkh
urwdwlrqv ehwzhhq wkh vroxwlrq dqg wkh d sulrul lv 3/ ru/ lq zrugv/ wkhuh lv Qr Qhw Vslq1 Iru
klvwrulfdo uhdvrqv wklv lv dfwxdoo| +lqfruuhfwo|, fdoohg Qr Qhw Urwdwlrq ri wkh Yhorflwlhv1

Wkh dujxphqw ri wkh surfhhglqj vhfwlrq jrhv wkurxjk hvvhqwldoo| lqwdfw1 Wklv frqvwudlqw rq wkh
yhorflwlhv doljqv wkh d sulrul yhorflwlhv dqg wkh YOEL vroxwlrqv dv forvho| dv srvvleoh1

44 Qr Qhw Vrxufh Urwdwlrq Srvlwlrq

Wr uhpryh wkh urwdwlrqdo ghjhqhudf| lq wkh FUI/ L qhhg wr lpsrvh d frqvwudlqw rq wkh rulhqwdwlrq1
Wkh frqvwudlqw L xvh lv=

[

@

evfc@ � �ev@ @ 3 +5<,

Khuh evfc@ lv wkh d sulrul vrxufh srvlwlrq1 Dv lq wkh suhylrxv fdvhv/ hdfk whup lq wkh vrph lv wkh

urwdwlrq wkdw sduwlfxodu vrxufh zrxog kdyh wr xqghujr wr eh doljqhg zlwk wkh d sulrul vrxufh prgho1

Wkh vxp ri wkh urwdwlrqv ehwzhhq wkh vroxwlrq dqg wkh d sulrul lv 3/ ru/ lq zrugv/ wkhuh lv Qr Qhw

Urwdwlrq ri wkh Vrxufhv1 Dv lq wkh surfhhglqj vhfwlrqv/ rqh fdq vkrz wkdw wklv frqvwudlqw doljqv

wkh YOEL vroxwlrq dv forvho| dv srvvleoh zlwk wkh d sulrul prgho1

Lq frqwudvw wr wkh suhylrxv fdvhv/ lw lv qrw reylrxv wkdw wkh frqvwudlqw htxdwlrq surgxfhv wkuhh

lqghshqghqw frqvwudlqwv1 L zloo qrz vkrz wkdw wklv lv wkh fdvh1 Wkh xqlw yhfwru lq wkh gluhfwlrq ri

d vrxufh lv jlyhq e|=

v@ @ +frvGhf@ frvUD@> frvGhf@ vlqUD@> vlqGhf@,

Vxssrvh wkh UD dqg wkh Ghf ri wkh vrxufh duh jlyhq e|

UD@ @ UD@cf . �UD@

Ghf@ @ Ghf@cf . �Ghf@

wkhq wkh xqlw yhfwru wdnhv wkh irup=

ev@ @ ev@cf . �UD@

Cev@

CUD@

. �Ghf@
Cev@

CGhf@

Lw lv vwudljkwiruzdug wr hydoxdwh wkh ghulydwlyhv/ dqg zh �qg=

Cev@

CUD@

@ +� frvGhf@cf vlqUD@cf> frvGhf@cf frvUD@cf> 3,

Cev@

CUD@

@ +� vlqGhf@cf frvUD@>� vlqGhf@cf vlqUD@> frvGhf@cf,
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Wkh frqvwudlqw htxdwlrq ehfrphv wkh wkuhh htxdwlrqv=

[

@

+�Ghf@ vlqUD@cf � �UD@ vlqGhf@cf frvGhf@cf frvUD@, @ 3

[

@

+�Ghf@ frvUD@cf � �UD@ vlqGhf@cf frvGhf@cf vlqUD@, @ 3

[

@

�Ghf@ frv
2
Ghf@cf @ 3

Lw lv wklv odwwhu irup wkdw lv dfwxdoo| xvhg wr frqvwudlq wkh vroxwlrq1

45 Frqfoxvlrq

Lq wkh suhfhglqj vhfwlrqv zh kdyh glvfxvvhg wkh v|pphwulhv ri wkh YOEL ghod|1 Wr hdfk v|pphwu|

wkhuh lv dq dvvrfldwhg ghjhqhudf| ri wkh qrupdo htxdwlrqv1 Wr uhpryh wkhvh ghjhqhudflhv |rx qhhg

wr dsso| frqvwudlqwv1 Zh glvfxvvhg wzr nlqgv ri frqvwudlqwv= Wkrvh lq xvh sulru wr 4<<5/ dqg wkrvh

fxuuhqwo| lq xvh1 Wkh roghu frqvwudlqwv zhuh ri dq dg krf qdwxuh/ zlwk qr ryhudoo gh�qlqj sklorvrsk|1

Wkh qhzhu frqvwudlqwv lqyroyh slfnlqj d vhw ri vwdwlrqv dqg ghpdqglqj wkdw wkh wkhvh vwdwlrqv eh

dv forvh dv srvvleoh wr wkh d sulrul prgho dv lv frqvlvwhqw zlwk wkh gdwd1
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